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SUMMARY

Recently the GMRESR inner-outer iteration scheme for the solution of linear systems of equations has
been proposed by Van der Vorst and Vuik. Similar methods have been proposed by Axelsson and
Vassilevski [1] and Saad (FGMRES) [10]. The outer iteration is GCR, which minimizes the residual over a
given set of direction vectors. The inner iteration is GMRES, which at each step computes a new direction
vector by approximately solving the residual equation. However, the optimality of the approximation over
the space of outer search directions is ignored in the inner GMRES iteration. This leads to suboptimal
corrections to the solution in the outer iteration, as components of the outer iteration directions may
reenter in the inner iteration process. Therefore we propose to preserve the orthogonality relations of GCR
in the inner GMRES iteration. This gives optimal corrections; however, it involves working with a singular,
non-symmetric operator. We will discuss some important properties and we will show by experiments that,
in terms of matrix vector products, this modification (almost) always leads to better convergence. However,
because we do more orthogonalizations, it does not always give an improved performance in CPU-time.
Furthermore, we will discuss efficient implementations as well as the truncation possibilities of the outer
GCR process. The experimental results indicate that for such methods it is advantageous to preserve the
orthogonality in the inner iteration. Of course we can also use other iteration schemes than GMRES as the
inner method. Especially methods with short recurrences like BICGSTAB seem of interest.

INTRODUCTION

For the solution of systems of linear equations the so-called Krylov subspace methods are very popular.
However, for general matrices no Krylov method can satisfy a global optimality requirement and have short
recurrences [5]. Therefore either restarted or truncated versions of optimal methods, like GMRES [11], are
used or methods with short recurrences, which do not satisfy a global optimality requirement, like BiCG
[6], BICGSTAB [14], BICGSTAB(!) [12], CGS [13] or QMR [8]. Recently Van der Vorst and Vuik proposed
a class of methods, GMRESR [15], which are nested GMRES methods; see Fig. 2. The GMRESR
algorithm is based upon the GCR algorithm [4]; see Fig. 1. For a given initial guess gy, they both compute
approximate solutions z, such that xx — zo € span{ui, uy,...,ux} and |ri(l2 = ||b — Azk||2 is minimal.
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GCR: GMRESR:

1. Select zg, m, tol; 1. Select g, m, tol;
o=b—Azy, k=10 ro=b— Azg, k=0
2. while ||ri|2 > tol do 2. while ||rill2 > tol do
k=k+1; k=k+1;
ug = Tg-1; Ck = Aug; ug = P,k (A)Tk-1; ek = Aug;
fori=1k—1 do; fori=1,...,k—1do
o = cFeg; o; = ¥ ex;
Ck = Ck — O4Ci; Ck = Ck — O4CH;
Ug = Uk — OG5 Up = U — QU
ek = ck/llckll; ck = ck/llekll2;
uk = uk/ ek ll; u = uk/||ckl2;
zy = Tk—1 + (Cf Tr-1)uk; ) = Tk—1 + (Cf Tk—1)Uki
Tk = Th-1 — (Cx Tk-1)Ck; T =Tr-1 — (€h Tk—1)Ck;

Py k(A) indicates the GMRES polynomial that
is implicitly constructed in m steps of GMRES
when solving Ay = r¢_1.

Figure 1: The GCR algorithm Figure 2: The GMRESR algorithm

However, they compute different direction vectors uj. GCR sets u; simply to r,_1, while GMRESR
computes ui by applying m steps of GMRES to rx_; (represented by Pm (A)rk-1 in Fig. 2). The inner
GMRES iteration computes a new search direction by approximately solving the residual equation and
then the outer GCR iteration minimizes the residual over the new search direction and all previous search
directions u;. The algorithm can be explained as follows.

Assume we are given the system of equations Az = b, where A is a real, nonsingular, linear (n x n)-matrix
and b is a n-vector. Let Uy and Cj, be two (n X k)-matrices for which

Cx = AUy, CFCi=1Ix, (1)

and let zp be an initial guess. For z; — 7o € range(Uy) the minimization problem

(6— Azglla= min [ro— Azl||o. (2)
zerange(l)
is solved by
T =Zo+ defro 3
and 7 = b — Axy, satisfies
TR =Tg — Ckaro, re L range(Cy) . (4)

In fact we have constructed the inverse of the restriction of A to range(Ux) onto range(Ck) . This
inverse is given by

A"lc,cT = U CY. (5)
This principle underlies the GCR method. In GCR the matrices U = [ujuz...ug) and Ci = [c1c2.. . Ck)
are constructed such, that range(Ux) is equal to the Krylov subspace
K*(A;ro) = span{ro, Ar,- .., Ak~1p4} . Provided GCR does not break down; i.e. if cx [ Tk—1, it is a finite
method and at step k it solves the minimization problem (2).
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Consider the k-th step in GCR. Equations (1)-(3) indicate that if in the update ux = 7k-1 (in GCR), we
replace 7x_1 by any other vector, then the algorithm still solves (2); however, the subspace Uy will be
different. The optimal choice would be uy = ex_1, where ex_1 is the error in zx_1. In order to find
approximations to ex_1, we use the relation Aex_1 = r¢_1 and any method which gives an approximate
solution to this equation can be used to find acceptable choices for ug. In the GMRESR algorithm
GMRES(m) is chosen to be the method to find such an approximation.

However, since we already have an optimal zj_1, such that zx_1— 2o € range(Uk-1) , we need an
approximation uy to ex_1, such that ¢ = Auy is orthogonal to range(Ci_1) - Such an approximation is
computed explicitly by the orthogonalization loop in the outer GCR iteration. Because in GMRESR this is
not taken into account in the inner GMRES iteration, a less than optimal minimization problem is solved,
leading to suboptimal corrections [2] to the residual. Another disadvantage of GMRESR is that the inner
iteration is essentially a restarted GMRES. It therefore also displays some of the problems of restarted
GMRES. Most notably it can have the tendency to stagnate (see NUMERICAL EXPERIMENTS).

From this we infer that we should preserve the orthogonality of the correction to the residual also in the
inner GMRES iteration. In order to do this we use Agx_; = (I — Cx_1C%_,)A as the operator in the inner
iteration. This gives the proper corrections to the residual: cx € K™(Ak-1; Ag_17k-1). However, the
corresponding corrections to the approximate solution (contrary to ordinary implementations of Krylov
methods) are found by ux = Al¢, € A"1K™(Ak_1; Ag-17k—1). These corrections can be computed since
the inverse of A is known over this space. Equation (5) gives:

A 1A 1 =ATA- A 1C_1CT (A=T ~Ur_1C_1 A (6)

This leads to a variant of the GMRESR iteration scheme, which has an improved performance for many
problems.

In this article we will consider GMRES and BICGSTAB as inner methods. In the next section we will
discuss the implications of the orthogonalization in the inner method. It will be proved that this leads to
an optimal approximation over the space spanned by both the outer and the inner iteration vectors. It also
introduces a potential problem: the possibility of breakdown in the generation of the Krylov space in the
inner iteration, since we iterate with a singular operator. We will show, however, that such a breakdown
can never happen before a specific (generally large) number of iterations. Furthermore, we will also show
how to remedy such a breakdown. We will also discuss the efficient implementation of these methods and
how we can truncate the outer GCR iteration. Outlines of the algorithms can be found in [7], [2].

CONSEQUENCES OF INNER ORTHOGONALIZATION

To keep this section concise, we will only give a short indication of the proofs or omit them completely.
The proofs can be found in [2]. Throughout the rest of this article we will use the following notations:
By Uk = [u1 .. .ux] and Ck = [c1 . . .cx] we denote matrices that satisfy the relations (1);

By z; and r; we denote the vectors that satisfy the relations (2)-(4);

By Pi and Qi we denote the projections defined as Py = CkC{ and Q = UkC",{v A;

By Ax we denote the operator defined as Ay = (I — Py)4;

By Vin = [t -..,Um] we denote the orthonormal matrix generated by m steps of Arnoldi (GMRES)
with Ay and such that v; = ri/||7&]]2-

From this and (6) it then follows that

o 0 0 0 O

AQx = PcA, and A 'Ap = (I - Q). (7
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We will describe the (k + 1)-th step of our variant of the GMRESR iteration scheme, where in the inner
GMRES iteration the modified operator Ay is used. We use m (not fixed) steps of the GMRES algorithm
to compute the correction to rgy1 in the space K™ (Ay; Axri). This leads to the optimal correction to the
approximate solution zy,; over the ‘global’ space range(Ux41) @ A-1K™(Ax; Axrk)-

Theorem 1 The Arnoldi process in the inner GMRES iteration defines the relation AxViy, = Viyy1Hm,
with Hy, an ((m + 1) X m) Hessenberg matriz. Let y be defined by

y: ﬂ’é‘}{}n lre — AxVimdll2 = gg];g 7k — Vins1 Hmll2- (8)

Then the minimal residual solution of the inner GMRES iteration: (A~ ALV,,y) gives the outer
approzimation

Tk+1 =Tk + ([ — Q) Vmy, (9)

which is also the solution to the ‘global’ minimization problem

Tr+1 * _ min. ”b - Ai“Q (10)
Ierange(U})0
range(Vi.)

It also follows from this theorem that the GCR optimization (in the outer iteration) is given by (9), so that
the residual computed in the inner GMRES iteration equals the residual of the outer GCR iteration:

Tes1 = b— Azpy = b— Az — A Viny = 7 — AxViny. From this it follows that in the outer GCR iteration
the vectors u.1 and cg41 are given by

cer1 = (AcVimd)/ |1 AkVimyll2, (11)
w1 = (({ = Qu)Vimy)/ | A Vinyll2- (12)

Note that (I — Qx)V,,y has been computed already as the the approximate solution in the inner GMRES
iteration; see (9), and A, V;,y is easily computed from the relation AxVipy = Vini1Hym. Moreover, as a
result of using GMRES in the inner iteration, the norm of the residual 71 as well as the norm of AxV,y
is already known at no extra computational costs. Consequently, the outer GCR iteration becomes very
simple.

We will now consider the pQSSlblhty of breakdown when generating a Krylov space with a smgular,
nonsymmetric operator. Although GMRES is still 7orpt1mal in the sense that at each iteration it delivers the

minimum re51dua.l solution over the generated'Krylov subspace, the genératldn of the Krylov subspace
itself, from a smgular operator, may terminate too early. The following simple example shows that this
may happen before the solution is found, even when the solution and the right hand side are both in the

range of the given (smgula.r) operator a.nd in the orthogonal complement of its null—space

Define the matrix A =(e2 e3 eq 0), where e; denotes the i-th Cartesian basis vector. Note that

A= (I —e1eT)(es e3 €4 €1), which is the same type of operator as Ak, an orthogonal projection times a
nonsingular operator. Now consider the system of equations Az = e3. Then GMRES (or any other Krylov
method) will search for a solution in the space

span{es, Aes, AZes,...} = span{es,e4,0,0,...} .

So we have a breakdown of the Krylov space and the solution is not contained in it. We remark that the
singular unsymmetric case is quite different from the symmetric one.
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In the remainder of this section we will prove that a breakdown in the inner GMRES method cannot occur
before the total number of iterations exceeds the dimension of the Krylov space K(A;r). This means that,
in practice, a breakdown will be rare. Furthermore, we will show how such a breakdown can be overcome.

We will now define breakdown of the Krylov space for the inner GMRES iteration more formally.

Definition 1 We say there is a breakdown of the Krylov subspace in the inner GMRES iteration if
Axvy, € range(Vy,) , since this implies we can no longer expand the Krylov subspace. We call it a lucky
breakdown if vi € range(AxVy,) , because we then have found the solution (the inverse of A is known
over the space range(AxVy,) ). We call it a true breakdown if vy ¢ range(AxVi,) , because then the
solution is not contained in the Krylov subspace.

The following theorem relates true breakdown to the invariance of the sequence of subspaces in the inner
method for the operator Ax. Part four indicates that it is always known whether a breakdown is true or

lucky.

Theorem 2 The following statements are equivalent:

1. A true breakdown occurs in the inner GMRES iteration at step m;
2. range(ArVmm-1) is an invariant subspace of Ay;
3. Agvy, € range(AxVin-1) ;

4. AxVy = Vi Hpy,, and H,, is a singular m X m matriz.

From theorem 1, one can already conclude that a true breakdown occurs if and only if A is singular over
K™(Ag;7k). From the definition of Ay we know null(Ax) = range(Uyx) . We will make this more explicit
in the following theorem, which relates true breakdown to the intersection of the inner search space and the
outer search space.

Theorem 3 A true breakdown occurs if and only if
range(Vim) N range(Ux) # {0}.

The following theorem indicates that no true breakdown in the inner GMRES iteration can occur before
the total number of iterations exceeds the dimension of the Krylov space K(A4;ro).

Theorem 4 Let m = dim(K (A;rg)) and let | be such that v, = P;(A)rg for some polynomial P, of degree
l. Then '
dim(K7* Ag;m)) =7+1 forj+l<m

and therefore no true breakdown occurs in the first j steps of the inner GMRES iteration.

We will now show how a true breakdown can be overcome. There are basically two ways to continue:
In the inner iteration: by finding a suitable vector to expand the Krylov space.
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In the outer iteration: by computing the solution of the inner iteration just before the true breakdown
and then by making one LSQR-step (see below) in the outer iteration.

We will consider the continuation in the inner GMRES iteration first. The following theorem indicates how
one can continue the generation of the Krylov space K(A;ry) if in the inner GMRES iteration a true
breakdown occurs.

Theorem 5 If a true breakdown occurs in the inner GMRES iteration then

Jc € range(Cx) : Axc & range(AxVm-1) (13)

This implies that one can try the vectors ¢; until one of them works. However, one should realize that the
minimization problem (8) is slightly more complicated.

Another way to continue after a true breakdown in the inner GMRES iteration is to compute the inner
iteration solution just before the breakdown and then apply an LSQR-switch (see below) in the outer GCR
iteration. The following theorem states the reason why one has to apply an LSQR-switch.

Theorem 6 Suppose one computes the solution of the inner GMRES iteration just before a true
breakdown. Then stagnation will occur in the next inner iteration, that is Ti41 L K(Ag41;Tk+1). This will
lead to a breakdoun of the outer GCR iteration.

The reason for this stagnation in the inner GMRES iteration is that the new residual 75,1 remains in the
same Krylov space K (Ag;Tk), which contains a u € range(Uy) . So we have to ‘leave’ this Krylov space.
We can do this using the so-called LSQR-switch, which was introduced in [15], to remedy stagnation in the
inner GMRES iteration. Just as in the GMRESR method, stagnation in the inner GMRES iteration will
result in a breakdown in the outer GCR iteration, because the residual cannot be updated. The following
theorem states that this LSQR-switch actually works.

Theorem 7 If stagnation occurs in the inner GMRES iteration, that is if
mingegrm ||[Tk+1 — AkVimdill2 = lIrk+1ll2, then one can continue by setting (LSQR-switch)

Ck+2 = 'yAk+1AT'r'k+1 and (14)
ups2 = Y - Qri)ATris1, (15)
where v = ||cxs2lly *- This leads to
Tes2 = Thil— (Th41Che2)Cks2  and (16)
Thiz = Thel — (The1Che2)Ukt2, (17)

which always gives an.improved approzimation. Therefore, these vectors can be used as the start vectors for
a new inner GMRES iteration.

IMPLEMENTATION

We will now describe how to implement these methods efficiently (see also [2],[7]). First we will discuss the
outer GCR iteration and then the inner GMRES iteration. The implementation of a method like
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BICGSTAB in the inner iteration will then be obvious. Instead of the matrices Uy and Cy we will use in
the actual implementation the matrices Uk, Ck, Nk, Z and the vector dx which are defined below.

Definition 2 The matrices U, Ck, Nk, Zi and the vector dy are defined as follows.

Cr. = CxNi, where (18)
N = diag(|all;h Izlz Y- - leklz Y, (19)
Aﬁk = Ckzk’ (20)

where Zx is assumed to be upper-triangular. Finally di is defined by the relation

Tk =Tg — C_'kdk (21)

From this the approximate solution zj, corresponding to ry, is implicitly represented as
T = x0+f]ka‘1dk. (22)

Using this relation zx can be computed at the end of the complete iteration or before truncation (see next
section). The implicit representation of Uy saves all the intermediate updates of previous u; to a new ug,
which is approximately 50% of the computational costs in the outer GCR iteration (see (11) and (12)).

GMRES as inner iteration. After k outer GCR iterations we have f]'k,_(:'k and 7. Then, in the inner
GMRES iteration, the orthogonal matrix V,,,1 is constructed such that C',f Vm+1 = O and

AV, = CyBum + Vini1Hm (23)

This algorithm is e<_1uivalent to the usual GMRES algorithm, except that the vectors Av; are first
orthogonalized on C. From (23) and (24) it is obvious that AV, — Cx B, = AV = Vi1 Hy (cf.
theorem 1). Next we compute y according to (8) and we set (cf. (11) without normalization):

Tkl = Vmy1Hmy (25)
k41 = Vmy. (26)

This leads to Adigy1 = AViny = Ci By + Vins1 Hmy = Ci By + k41, so that if we set zgy1 = (Bmy)T 1)T
the relation AUy = Ck11Zk41 is again satisfied. It follows from theorem 1 that the new residual of the
outer GCR iterations is equal to the final residual of the inner iteration ry; = r*2™¢" and is given by

Tk41 = Tk — Ck+1, S0 that dg1 = 1. Obviously the residual norm only needs to be computed once. If we
replace, in the formula above, the new residual of the outer GCR iteration rr; by the residual of the inner
GMRES iteration """, we see an important relation that holds more generally xy1 = 7% — rinner This
relation is important, since in general (when other Krylov methods are used for the inner iteration) x4 or
k41 cannot be computed from uy 1, because ug,; is not always computed explicitly, nor does a relation
like (25) always exist. Finally, we need to compute the new coefficient of N1, [|Ck+1llz 1 in order to satisfy
the relations in definition 2.

TRUNCATION

In practice, since memory space may be limited and since the method becomes increasingly expensive for
large k (the number of outer search vectors), we want to truncate the set of outer iteration vectors (ii;) and
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(€:) at k = kmaz, where k. is some positive integer. Basically, there are two ways to do this: one can
discard one or more iteration vector(s) (dropping) or one can assemble two or more iteration vectors into
one single iteration vector (assembly). We will first discuss the strategy for truncation and then its
implementation.

A strategy for Truncation. In each outer GCR iteration step the matrices Ui and Cj are augmented with
one extra column. To keep the memory requirement constant, at step k = kpnaz, it is therefore sufficient to
diminish the matrices Uy, . and C, .. by one column. From (22) we have zx = zo + UkZ dk Denote

& = Z‘,c di. Consider the sequence of vectors ({x). The components £ of these vectors £x are the
coefficients for the updates 4; of the approximate solution xx. These coefficients fk(') converge to the limits
£® as k increases. Moreover, (£(!)) converges faster than (£x?), and (£&®) converges faster than (£ )
etc. . Suppose that the sequence (ék( ) has converged to ¢ within machine precision. From then on it
makes no difference for the computation of zx when we perform the update zg + £4;. In terms of
direction vectors this means that the outer direction vector 4; will not reenter as component in the inner
iteration process. Therefore one might hope that discarding the vector ¢; will not spoil the convergence.
This leads to the idea of dropping the vector ¢(= Ad;) or of assembling ¢; with ¢; into ¢ (say) when

f(l) f(l)

k1 2k )< (27)
eV

é(k) =

where € > 0 is a small constant. The optimal ¢, which may depend on k, can be determined from
experiments. When 6 (k) > € we drop &, , or we assemble Cy,, .., and C,,.. (of course other choices are
feasible as well, but we will not consider them in this article). With this strategy we hope to avoid
stagnation by keeping the most relevant part of the subspace range(Cy) in store as a subspace of
dimension k — 1. In the next subsections we describe how to implement this strategy and its consequences
for the matrices Cx and ﬁk.
Dropping a vector. Let 1 < j < k = kmag. Dropping the column ¢; is easy. We can discard it without
consequences. So let C}_; be the matrix Cj without the column &;. Dropping a column from Uy needs
more work, since z; is computed as zx = To + Uka di. Moreover, in order to be able to apply the same
strategy in the next outer iteration we have to be able to compute z; in a similar way. For that purpose,
assume that z, can be computed as

Tk = Tg_1 -—350 +Uk I(Zk 1) ey, (28)

where U,c 1 and Zk , are matrices eqe}} jhat AU,C 71 = C,c le 1 (see (20)) These matnces Uk 1 a.nd Z,c

are easily computed by using the j-th row of (20) to eliminate the j-th column of Ck m (20) . In order to
determine z; and d)._; we mtroduceithe matrix Uy = A~1Ck = Uka !, This enables us to write

. k - —- J— <
Tk = (xo + d;cj)ﬂj) + Zd;:) U; and u; = (’&J - Zz,-jﬁ,-)/zjj. (29)
=1 =
i#j
Substituting the equation for #@; into the equation for x; we can compute zx from

(7 i-
d 1 ‘l 1) —
zk—(xo+—u,)+2(d() dPZ ’) + Z V. (30)

J $=1 t=]+1
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Notice that this equation precisely defines z and d}_;:

zp = zo+ (e /255),

d) ) = d —d(z;/z;) fori=1,...,j—1and (31)
= g fori=j,...,k—1.

Now we have deallocated two vectors and we compute zj as in (28). We can continue the algorithm.

Assembly of two vectors. Let 1 < j <1< k = kmqz. Again assembling ¢; and & is easy. Let

E= (dg)(_:j + d,(:)él) overwrite the I-th column of C. Then, let C‘,’c_l be this new matrix C without j-th
column. Analogous to the above, we wish to compute zx as (28). For the purpose of determining the
matrices U} _; and Z}_,, let @ = (4’5, + d%;) and compute £™ and t{™ such that

ZimBj + Zim W + tﬁ"‘)aj = tgm)ﬁ, which gives tgm) = Zim (dij ) /dg)) — Zjm and tgm) = Zim/ dg). This enables us
to write @y, = Y 1o Zimli, form=1,...,5 -1 and

m
Um = Z Zimu; + tgm)’& - tgm)ﬁjr form=j,... k. (32)
il
Substituting #; = (&; — Y72} 2:;4:)/2j;, to eliminate i, from (32) we get @y = 3 i1 Zimy, for
m=1,...,7—1 and

(m) m y
i+ 2= 3 (zim + g, + ™5 form=j+1,...,k (33)
Zjj =1 Zjj
i#5,0

This equation determines the matrices U/ x—1 and Z;_,. In order to determine zj and d_,, note that z can
be computed as

k .
Ty =xo+ Z dg)ﬁg + 4. (34)
%50
Therefore zj is just zp and dj_; equals the vector di without the j-th element and the I-th element
overwritten by 1. Similarly, as before, we have deallocated two vectors from memory. The assembled
vectors i and ¢ overwrite 4; and &;. The locations of @; and é; can therefore be used in the next step.
Finally, we remark that these computations can be done with rank one updates.

NUMERICAL EXPERIMENTS

We will discuss the results of some numerical experiments, which concern the solution of two dimensional
convection diffusion problems on regular grids, discretized using a finite volume technique, resulting in a
pentadiagonal matrix. The system is preconditioned with ILU applied to the scaled system; see [3],[9]. The
first two problems are used to illustrate and compare the following solvers:
(full) GMRES;
BICGSTAB;
GMRESR(m), where m indicates the number of inner GMRES iterations between the outer iterations;
GCRO(m), which is GCR with m adapted GMRES iterations as inner method, using Ag;
GMRESRSTAB, which is GMRESR with BICGSTAB as inner method;

o o
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number of matrix vector products —» time (5} ——b
Figure 3: Convergence history for problem 1 Figure 4: Convergence in time for problem 1

e and GCROSTAB, which is GCR with the adapted BICGSTAB as inner method, using Ag.

We will compare the convergence of these methods both with respect to the number of matrix vector
products and with respect to CPU-time on one processor of the Convex 3840. This means e.g. that each
step of BICGSTAB (and variants) is counted for two matrix vector products. We give both these
convergence rates because the main trade off between (full) GMRES, the GCRO variants and the
GMRESR variants is less iterations against more dot products and vector updates per iteration. Any gain
in CPU-time then depends on the relative cost of the matrix vector multiplication and preconditioning
versus the orthogonalization cost on the one hand and on the difference in iterations on the other hand. We
will use our third problem to show the effects of truncation and compare two strategies.

Problem 1. This problem comes from the discretization of
—(ugy + Uyy) +bus +cuy =0

on [0,1] x [0, 4], where
bz, y) = 100 for 0<y<1 and 2<y<3
¥)=93 100 for 1<y<?2 and 3<y<4

and ¢ = 100. The boundary conditions areu=1ony=0,u=0o0ny=4,v'=0onz=0 and v' = 0 on
x = 1, where u’ denotes the (outward) normal derivative. The stepsize in z-direction is 1/100 and in
y-direction is 1/50.

In this example we compare the performances of GMRES, GCRO(m) and GMRESR(m), for m =5 and
m = 10. The convergence history of problem 1 is given in Fig. 3 and Fig. 4. Fig. 3 shows that GMRES
converges fastest (in matrix vector products), which is of course to be expected, followed by GCRO(5),
GMRESR(5), GCRO(10) and GMRESR(10). From Fig. 3 we also see that GCRO(m) converges smoother
and faster than GMRESR(m). Note that GCRO(5) has practically the same convergence behavior as
GMRES. The vertical ‘steps’ of GMRESR(m) are caused by the optimization in the outer GCR iteration,
which does not involve a matrix vector multiplication. We also observe that the GMRESR(m) variants
tend to lose their superlinear convergent behavior, at least during certain stages of the convergence history.
This seems to be caused by stagnation or slow convergence in the inner GMRES iteration, which (of
course) essentially behaves like a restarted GMRES. For GCRO(m), however, we see a much smoother and
faster convergence behavior and the superlinearity of (full) GMRES is preserved. This is explained by the
‘global’ optimization over both the inner and the outer search vectors (the latter form a sample of the
entire, previously searched Krylov subspace). So we may view this as a semi-full gmres. Fig. 4 gives the
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convergence with respect to CPU-time. In this example GCRO(5) is the fastest, which is not surprising in
view of the fact that it converges almost as fast as GMRES, but against much lower costs. Also, we see
that GCRO(10), while slower than GMRESR(5), is still faster than GMRESR(10). In this case the extra
orthogonalization costs in GCRO are outweighed by the improved convergence behavior.

Problem 2. This problem is taken from [14]. The linear system comes from the discretization of
_(aux)z hae (a'Uy)y + b'u; = f

on the unit square, with b = 2exp2(x? + y?). Along the boundaries we have Dirichlet conditions: u =1 for
y=0,r=0and r =1, and u = 0 for y = 1. The functions a and f are defined as shown in Fig. 8; f =0
everywhere, except for the small subsquare in the center where f = 100. The stepsize in z-direction and in
y-direction is 1/128.

If Fig. 5 a convergence plot is given for (full) GMRES, GCRO(m) and GMRESR(m). We used m = 10 and
m = 50 to illustrate the difference in convergence behavior in the inner GMRES iteration of GMRESR(m)
and GCRO(m). GMRESR(50) stagnates in the inner GMRES iteration whereas GCRO(50) more or less
displays the same convergence behavior as GCRO(10) and full GMRES. For the number of matrix vector
products, it seems that for GMRESR(m) small m are the best choice.
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In Fig. 6 a convergence plot is given for (full) GMRES, BICGSTAB, and the the BICGSTAB variants,
GMRESRSTAB and GCROSTAB. To our experience the following strategy gave the best results for the
BICGSTAB variants:

e For GMRESRSTAB we ended an inner iteration after either 20 steps or a relative improvement of the
residual of 0.01;

e For GCROSTAB we ended an inner iteration after either after 25 steps or a relative improvement of the
residual of 0.01.

The convergence of GMRESRSTAB for this example is somewhat typical for GMRESRSTAB in general
(albeit very bad in this case). This might be explained from the fact that the convergence of BICGSTAB
depends on a ‘shadow’ Krylov subspace, which it implicitly generates. Now, if if one restarts, then
BICGSTAB also starts to build a new, posmbly different, ‘shadow’ Krylov subspace. This may lead to

' rerratlcally eohvergent behavior i in the first few steps Therefore, it may happen that, if in the inner
iteration BICGSTAB does not converge (to the relative precision), the ‘=olution’ of the inner iteration is
‘not very good and therefore the outer iteration may not give much improvement either. At the start the
same more or less holds for GCROSTAB; however, after a few outer GCR iterations the ‘improved’
operator (Aj) somehow yields a better convergence than BICGSTAB by itself. This was also observed for
more tests, although it also may happen that GCROSTAB converges worse than BICGSTAB.

In Fig. 7 a convergence plot versus the CPU-time is given for GCROSTAB, BICGSTAB, GCRO(10) and

GMRESR(10). The fastest convergence in CPU-time is achieved by GCROSTAB(10), which is ~ 20%

faster than BICGSTAB notwithstanding the extra work in orthogonalizations. We also see, that although

GCRO(10) takes fewer iterations than GMRESR(10), in CPU-time the latter is faster. So in this case the

decrease in iterations does not outweigh the extra work in orthogonalizations. For completeness we mention
that GMRESRSTAB took almost 15 seconds to converge, whereas GMRES took almost 20 seconds.

Problem 3. The third problem is taken from [10]. The linear system stems from the discretization of the
partial differential equation
—Ugg — Uyy + 1000(zus + yuy) + 10u = f

on the unit square with zero Dirichlet boundary conditions. The stepsize in both z-direction and
y-direction is 1/65. The right-hand side is selected once the matrix is constructed so that the solution is
known to be T —>(1, 1, . I)T The Zero vector was used as an initial guess..

In Fig. 9 we see a plot of the convergence hlstory of full GMRES, GMR.ESR(5) GCRO(S) and
GCRO(10,5) for two different truncation strategies, where the first parameter gives the dimension of the
outer sea.rch space and the second the dimension of the inner search space. The number of vectors in the
outer GCR iteration is twice the dimension of the search space. For the truncated version:

e ‘da’ means that we took ¢ = 1073 and dropped the vectors 4i; and & when 6 (k) < € and assembled the
vectors iy and %10 as well as the vectors ¢g and €19 when &§ (k) > ¢;

e ‘tr’ means that we dropped the vectors g and & each step (e = 0, see also [16]).

Notice that GCRO(5) displays almost the same convergence behavior as full GMRES. GMRESR(5)
converges eventually, but only after a long period of stagnation. The truncated versions of GCRO(5) also
display stagnation, but for a much shorter period. After that the ‘da’ version seems to converge as
superlinear, whereas the ‘tr’ version still displays periods of stagnation, most notably at the end. This
indicates that the ‘da’ version is more capable of keeping most of the ‘convergence history’ than the ‘tr’
version. This kind of behavior was seen in more tests: ‘assembled’ truncation strategies seem to work
better than ]llSt dlscardmg one or more iteration vectors.

In Table 1 we give the number of matrix vector products, the number of memory vectors and the
CPU-time on a Sun workstation. From this table we see that GCRO(5) is by far the fastest method and
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Figure 9: Convergence history for problem 3

uses about half the amount of memory vectors full GMRES and GMRESR(5) use. More interesting is that
GCRO(10,5) ‘da’ converges in the same time as GMRESR(5), but uses only one third of the memory space.

CONCLUSIONS

We have derived from the GMRESR inner-outer iteration schemes a modified set of schemes, which
preserve the optimality of the outer iteration. This optimality is lost in GMRESR since it essentially uses
‘restarted’ inner GMRES iterations, which do not take advantage of the outer ‘convergence history’.
Therefore, GMRESR may loose superlinear convergence behavior, due to stagnation or slow convergence of
the inner GMRES iterations.

| Method [ Mat-Vec | Memory Vectors | CPU-time |
GMRES 77 77 21.3
GMRESR(5) 188 81 185
GCRO(5) 83 39 9.4
GCRO(10,5) ‘da’ 150 25 18.3
GCRO(10,5) ‘tr' | 244 25 30.3

Table 1: Number of matrix vector products, number of memory
vectors and CPU-time in seconds for problem 3
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In contrast, the GCRO variants exploit the ‘convergence history’ to generate a search space that has no
components in any of the outer directions in which we have already minimized the error. For GCRO(m)
this means we minimize the error over both the inner search space and a sample of the entire previously
searched Krylov subspace (the outer search space), resulting in a semi-full GMRES. This probably leads to
.the smooth convergence (much like GMRES) and the absence of stagnation, which may occur in the inner
GMRES iteration of GMRESR. Apparently the small subset of Krylov subspace vectors that is kept
approximates the entire Krylov subspace that is generated, sufficiently well. For both GMRESR(m) and
GCRO(m) it seems that a small number of hiner iterations works well.

We may also say, that the GCRO variants construct a new (unproved) operator (of decreasing rank) after
~each outer GCR iteration. Although there is the possibility of breakdown in the inner method for GCRO,
this seems to occur rarely as is indicated by theorem 4 (it has never happened in any of our experiments).

With respect to performance of the discussed methods we see that GCRO(m) (almost) always converges in
fewer iterations than GMRESR(m). Because GCRO(m) is on average more expensive per iteration, this
does not always lead to faster convergence in CPU-time. This depends on the relative costs of the matrix
vector product and precondltloner w.r.t. the cost of fhé orthogonahzatlons and the reduction in iterations
for GCRO(m) relative to GMRESR(m). Our experiments, with a cheap matrix vector product and
preconditioner, show that already in this case the GCRO variants are very competitive with other solvers.
However, especially when the matrix vector product and preconditioner are expensive or when not enough
memory is available for (full) GMRES, GCRO(m) is very attractive. GCRO with BICGSTAB also seems
to be a useful method, especially when a large number of “iterations is necessary or when the available
memory space is small relative to the problem size. GMRESR with BICGSTAB does not seem to work so
well, probably because, to our observation, restarting BICGSTAB does not work so well.

‘We have denved sophlstlcated truncation stra.tegles a.nd shown by example that superhnea.r convergence

behavior can be maintained. From our experience, the ‘assembled’ version seems to have the most promise.
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